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Recap: Undirected Graphical Models

¢ Undirected graphical models (“Markov Random Fields”)
» Given by undirected graph

N
A

¢ Conditional independence for undirected graphs

» If every path from any node in set A to set B passes through at
least one node in set C, then Al B/( .

» Simple Markov blanket:

Machine Learning, Summer ‘15
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Image source: C, Bishop, 200

Recap: Factorization in MRFs

¢ Role of the potential functions
» General interpretation
- No restriction to potential functions that have a specific
probabilistic interpretation as marginals or conditional distributions.

» Convenient to express them as exponential functions
(“Boltzmann distribution”)

Yo(xc) = exp{—E(xc)}
- with an energy function E.
» Why is this convenient?

- Joint distribution is the product of potentials = sum of energies.
- We can take the log and simply work with the sums...
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Course Outline

¢ Fundamentals (2 weeks)
~ Bayes Decision Theory @ é7'
» Probability Density Estimation K

¢ Discriminative Approaches (5 weeks)
» Linear Discriminant Functions
» Statistical Learning Theory & SVMs

» Ensemble Methods & Boosting
» Decision Trees & Randomized Trees

¢ Generative Models (4 weeks)
» Bayesian Networks
» Markov Random Fields
» Exact Inference
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Recap: Factorization in MRFs

¢ Joint distribution
» Written as product of potential functions over maximal cliques

in the graph: 1
p(x) =~ 1;[ Ye(xc)

» The normalization constant Z is called the partition function.
z=3 [Ivetxe)
x C

¢ Remarks

» BNs are automatically normalized. But for MRFs, we have to
explicitly perform the normalization.

» Presence of normalization constant is major limitation!
- Evaluation of Z involves summing over O(K™) terms for M nodes!

Machine Learning, Summer ‘15
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Recap: Converting Directed to Undirected Graphs

¢ Problematic case: multiple parents
x T3 ) T3

Fully connected,
no cond. indep.!

T4 T4

p(x) = pla)ples)p(es)ples|a, x

Need a clique of z,,...,z, to represent this factor!

» Need to introduce additional links (“marry the parents”).

= This process is called moralization. It results in the moral graph.
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Recap: Conversion Algorithm

¢ General procedure to convert directed — undirected
1. Add undirected links to marry the parents of each node.
2. Drop the arrows on the original links = moral graph.

3. Find maximal cliques for each node and initialize all clique
potentials to 1.

4. Take each conditional distribution factor of the original
directed graph and multiply it into one clique potential.

¢ Restriction
» Conditional independence properties are often lost!
» Moralization results in additional connections and larger cliques.

8
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Inference on a Chain
¢ Chain graph
& To TN-1 TN
» Joint probability
1 . .
p(x) = El‘"lrz("‘l.-’*"2)1-‘/'2.3(-'*"2\ x3) - Un_LN(EN-1, TN)
» Marginalization
pla) =33 ¥ e p)
ry En—1 Tnipl N
; 10
Slide adapted from Chris Bishop B. Leibe Image source: C, Bishop, 2009

Inference on a Chain

Ba(@n-1)  pa(Tn)

&1 Tn—1

> We can define the messages recursively...

Halwn) = 3 noin(Eenian) |3 o

Tuot Tn2
= z Pn—1,0(@n—1, T Jpta(En—1).
=
Tt
na(xn) = E Yn,n41(Tns Tnt) E
E Ttz
= E Uyt 1 (Tns Ens1 ) pa(@ng ).
E - 12
Slide adapted from Chric Bishon B. Leibe Image source: C, Bishon, 2004

Computing Marginals
¢ How do we apply graphical models? N
» Given some observed variables,
we want to compute distributions
of the unobserved variables.
» In particular, we want to compute Tz T3
marginal distributions, for example p(z,).

Ty

¢ How can we compute marginals?
» Classical technique: sum-product algorithm by Judea Pearl.

» In the context of (loopy) undirected models, this is also called
(loopy) belief propagation [Weiss, 1997].
» Basic idea: message-passing.

Machine Learning, Summer ‘15
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Inference on a Chain

pa(®n)  pp(wn)
PR =gy S
T Tn—1 Tn Tn+1 TN

» ldea: Split the computation into two parts (“messages”).

plan) = % Z Yn—1,n(Tn-1,Tn) - [Z‘ﬁh.z(-‘f'l‘ﬂ'ﬂ]

Halitn)
[Z Yrnt1( T, Tnga) - {Z ""\'71‘1'»'(‘?.\'71J‘.\;)} ]

#a(Tn)

Machine Learning, Summer ‘15
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Inference on a Chain

Ha(Tn-1)  pal@n)  pa(zn)  pg(@nia)

Ty Tn—1 Tn Tni1 TN

» Until we reach the leaf nodes...

falT2) = Z Wy (1, T2) palry_1) = Z Un_1 N (TN_1 TN
) o

» Interpretation

- We pass messages from the two ends towards the query node z,,.

» We still need the normalization constant Z.
- This can be easily obtained from the marginals:

Z=3 palra)palz)
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Summary: Inference on a Chain Inference on Trees

¢ To compute local marginals:
~ Compute and store all forward messages 1, (z,,).

¢ Let’s next assume a tree graph.
» Example:

» Compute and store all backward messages 1i4(z,,).

» Compute Z at any node z,,.

» Compute

1
p(ﬂ.’?-ﬂ_) = E Ha (:rn)ﬁ““ﬁ (-Tn.)
» We are given the following joint distribution:

p(A,B,C,D,E) = ?fl(AvB) . f2(B7D) : f3(07D) : f4(D)E)

for all variables required.

Inference through message passing
> We have thus seen a first message passing algorithm.
» How can we generalize this?

» Assume we want to know the marginal p(E)...

Machine Learning, Summer ‘15
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Inference on Trees Marginalization with Messages

¢ Strategy

» Marginalize out all other variables by
summing over them.

¢ Use messages to express the marginalization:

masp=3_ fA(AB) mc.p=)Y_ fs(C,D)
A c

mpp =Y fo(B,D)ma,p(B)
. Then rearrange terms:

PE)=>"3"S"3"p(4,B,C,D,E)

A B C D

=Y (A B) 1(B.D) - £5(C, D) fu(D, E)

A B C D

= %(XD: fu(D, E)- (Z fa<C7D>) : (g f2(B,D)- (%j fi(4, B))))

c

B
Mmpog = Zle(D’ E)mp_,p(D)mc—p(D)
D

P(E) = %(Z f(D, B). (Z e D)) : (Z £2(B, D). <Z fi(A, B)))
D (e} A

B

- %(Z Ji(D.E)- (Z 5. D)) : (EMB’D)' mAHB(B)))
D c B

Machine Learning, Summer ‘15
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Marginalization with Messages Marginalization with Messages

¢ Use messages to express the marginalization:
masp =Y fi(AB) mo.p=) f3(C,D)
c

¢ Use messages to express the marginalization: O 4
masp=»_ filAB) mcLp=)_ f3(C,D)
c

A A B C
Mmp_sp = ng(B,D)mA_}B(B) Mmp_sp = ng(B,D)mA_}B(B) AN /D

B B
mpop =Y fao(D, Eymp_,p(D)me—p(D) mpp =Y fa(D, EYmp_.p(D)mcp(D)

D D E

p(E) = %(;,mw,m- (Z £(C, D)) - (% f2(B, D)- <¥ fi (A,B)))

C

- %(Z (D, B)- <Z #(C, D)) «me))
D

e}

p(E) = %(;,gw,m- (Z £(C, D)) (; f2(B,D)- <¥ fi (A,B)))

C

- %(Z f4<D,E>~mcﬁn(D>~mm<D>>
D
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Marginalization with Messages

* Use messages to express the marginalization:

masp=»_ filAB) mcLp=)_ f3(C,D)
A C
mpp = Zfz(B, D)ma—5(B)

B
mpop =Y fao(D, Eymp_,p(D)me—p(D)
D

p(E) = %(;,mw,m- (Z £(C, D)) - (% f2(B, D)- <¥ fi (A,B)))

(e}

1

= ZWIDAE(E)

Machine Learning, Summer ‘15
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Fo Fodb e

¢ Message passing algorithm motivated for trees.
» Now: generalize this to directed polytrees.
» We do this by introducing a common representation
= Factor graphs

Machine Learning, Summer ‘15
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How Can We Generalize This?
Undirected Directed Tree Polytree
Tree

Image source: C, Bishop, 200

Factor Graphs

¢ Motivation
» Joint probabilities on both directed and undirected graphs can
be expressed as a product of factors over subsets of variables.

» Factor graphs make this decomposition explicit by introducing
separate nodes for the factors.

) 2 T3

Regular nodes

Factor nodes
fa Io fe fa

» Joint probabiliiiy
P(X) = Efa(wlszZ)fb(zlszZ)fc(IZsZB)fd(z.'S)

1
= El;[fs(xs)
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Recap: Message Passing on Trees

¢ General procedure for all tree graphs.
~ Root the tree at the variable that we want

to compute the marginal of.

Start computing messages at the leaves.

» Compute the messages for all nodes for which all
incoming messages have already been computed.
» Repeat until we reach the root.

v

« If we want to compute the marginals for all possible
nodes (roots), we can reuse some of the messages.
» Computational expense linear in the number of nodes.

* We already motivated message passing for inference.
» How can we formalize this into a general algorithm?

Slide credit: Bernt Schiele, Stefan Roth B. Leibe

Topics of This Lecture

¢ Factor graphs
» Construction
» Properties

¢ Sum-Product Algorithm for computing marginals
» Key ideas
» Derivation
» Example

¢ Max-Sum Algorithm for finding most probable value
» Key ideas
» Derivation
» Example

¢ Algorithms for loopy graphs
» Junction Tree algorithm
» Loopy Belief Propagation

B. Leibe
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Factor Graphs from Directed Graphs
a1 Ty x To Ty a9
£ e
Ja i
Ty T3 T3
plx) = pla)ples)  flay,wz,ws) = fala1) = pla)
plas|zy, xa) pla)plea)p(sler, 2)

folwz) = plaz)

 Conversion procedure Jelwrszyza) = plagles,az)

1. Take variable nodes from directed graph.
2. Create factor nodes corresponding to conditional distributions.
3. Add the appropriate links.

= Different factor graphs possible for same directed graph.

27
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Factor Graphs from Undirected Graphs

¢ Some factor graphs for the same undirected graph:

T T2 @ T2 @ T2
I fa
fo
3 T3 T3

Jalwr, w2, as) filwa, ws)

Wiz, 22, 23) = ab(xy, 20, 23)

Wy, o, as) fley, 2. 03)

= The factor graph keeps the factors explicit and can thus convey
more detailed information about the underlying factorization!

Machine Learning, Summer ‘15

Slide adapted from Chris Bishap B. Leibe
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Topics of This Lecture

¢ Sum-Product Algorithm for computing marginals
» Key ideas
» Derivation
» Example

Machine Learning, Summer ‘15
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Sum-Product Algorithm

ne(z): neighbors of z.

<
[
* Goal:
. Compute marginal for 2 p(z) = Y p(x)

x\z
» Tree structure of graph allows us to partition the joint distrib.
into groups associated with each neighboring factor node:
px)= [ FulzX.)

sene(x)
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Factor Graphs - Why Are They Needed?
‘/" Y 7 "‘\‘ ./" N Ve "‘\‘ ./" Y P "‘\.
. _/‘ ‘>, ) _ / ) N\ _/‘\ /'\‘ J
\\\ /, \\ ,/, N
Y » ) I > {j N . ./"‘] .
p—y L*}_/ . _,{ N A A
N\ S/ AN /
N/ N\ /
} <\ ()_<| \/—\\
A R N

¢ Converting a directed or undirected tree to factor graph
» The result will again be a tree.

¢ Converting a directed polytree
» Conversion to undirected tree creates loops due to moralization!
» Conversion to a factor graph again results in a tree.

Machine Learning, Summer ‘15
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Sum-Product Algorithm

¢ Objectives
» Efficient, exact inference algorithm for finding marginals.

» In situations where several marginals are required, allow
computations to be shared efficiently.

¢ General form of message-passing idea
~ Applicable to tree-structured factor graphs.
= Original graph can be undirected tree or directed tree/polytree.

¢ Key idea: Distributive Law
ab+ac=a(b+c)
= Exchange summations and products exploiting the tree
structure of the factor graph.
» Let’s assume first that all nodes are hidden (no observations).

Machine Learning, Summer ‘15

ide adapted from Chris Bishon 8. Leibe
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Sum-Product Algorithm

ne(z): neighbors of z.

(2, X2)

F

¢ Marginal:

p(x):z H Fs(Iaxs)

Xs s€ne(x)
» Exchanging products and sums:

p(l‘): H |:ZFS(1‘,XS):|: H Hfs‘*r(x)

sene(z) L X5 s€ne(x)
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Sum-Product Algorithm Sum-Product Algorithm

Ty

First message type:
Bfa(2) =D Fi2, X,)
X

5
)
:L:‘ .
This defines a first type G (Tms Xam)
e Marginal: of message /tf, ., (2): .
g FoX fooe ¢ Evaluating the messages:
pa) = ; 1_-[( ) 5(2, X) ff,—al(z) = XZFg(I’X“) » Each factor F,(z,X,) is again described by a factor (sub-)graph.
s S€Ene(z

= Can itself be factorized:

» Exchanging products and sums:
Fi(z, X5) = fo(z, 21, .., 200)Gh (21, Xa1) - - G (@, Xonr)

mw:H[an&ﬁ:I[%%w

sene(z) L X s€ne(z)
8. Leibe

Machine Learning, Summer ‘15
Machine Learning, Summer ‘15
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Sum-Product Algorithm

M

Sum-Product Algorithm

TM
\ﬂ‘w m— 1. (TM)

First message type:

First message type:
fg,a(@) =D Fu(w, X,)
X

Hfima(T) = ZFS(Iv X)

—

()

—

()

Tm

L Second message type:
G (B A ), G (B A ), Hap— £ (-TM) = Z Gon(Tms Xsm)
Xom

¢ Evaluating the messages:
» Thus, we can write

Bhe(@) = D> folmm, o) [] [Zcmum,xm)]

¢ Evaluating the messages:
» Thus, we can write

Be@) = D> folmm,o o) [] [Zcmum,xm)]

Machine Learning, Summer ‘15
Machine Learning, Summer ‘15

T M mene(fi)\z LXsm 1 M mene(fi)\z LXsm
=3 fman) [ e @m) = > feman) [ tenor @m)
1 T mene(fs)\z ” 1 M mene(fs)\z "
Slide adapted from Chris Bishop B. Leibe Image source: C, Bishop, 2004 B. Leibe Image source: C, Bishop, 2001
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Sum-Product Algorithm Sum-Product Algorithm - Summary
Recursive definition:
fi 2 (Tm) = Fi(zm, Xsm :
; s (Tm) Xz i@ ) « Two kinds of messages
» Message from factor node to variable nodes:
- Sum of factor contributions
% ff,a(@) = Y Fol, X)
Each term G, (z,,, X,,,) Xs
hi is again given by a product = Z fs(xs) H P £, (Tm)
Fi(@m, Xomt) Con(@m, Xem) = [[ Fiwm, Xomt X:  mene(f)\e
lene(zm)\fs

» Message from variable node to factor node:
- Product of incoming messages

Ha s g, (Tm) = H Bfimszm (Tm)
Lene(zm)\fs

¢ Recursive message evaluation:
» Exchanging sum and product, we again get

ta s, @) = Y G, Xem) = Y [ Fi@m, Xom)

Xam Xem l€ne(zm)\ fs

= H Mf!‘)mn\(w'"l)

lene(zm)\fs

= Simple propagation scheme.
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Sum-Product Algorithm Sum-Product Algorithm - Summary

¢ Initialization
» Start the recursion by sending out messages from the leaf nodes

¢ To compute local marginals:
Pick an arbitrary node as root.

v

1 sp(@) =1 y (@) = flx) » Compute and propagate messages from the leaf nodes to the
L — root, storing received messages at every node.
/ r ] » Compute and propagate messages from the root to the leaf
z

nodes, storing received messages at every node.

Compute the product of received messages at each node for
which the marginal is required, and normalize if necessary.

v

¢ Propagation procedure

» A node can send out a message once it has received incoming
messages from all other neighboring nodes.

« Computational effort
» Once a variable node has received all messages from its

Machine Learning, Summer ‘15
Machine Learning, Summer ‘15

3 N 5 3 » Total number of messages =2 - number of links in the
neighboring factor nodes, we can compute its marginal by graph
multiplying all messages and renormalizing: Maximal parallel runtime = 2. tree height
p(@) o< [] np.a()
sene(x) 40 41
B. Leibe Image source: C, Bishop, 200 ide adapted from Chris Bishop B. Leibe

Sum-Product: Example Sum-Product: Example

Message definitions:
T T2 T3 poma(@) = 3 o) [Tt (@)
X

mene(f.)\z

Ty T2 T3

Picking z, as root...

Hasf(@m) = ]| e (Tm)
=z, and z, are leaves. o e

I€ne(wm)\fo

1
= 3 falwi,z2)

Unnormalized joint distribution:

Bx) = fa(21,22) folwa, 1) folwz, 24) !

= ch(-?"z-ﬂffl)
Ta

= pf—aa (T2) iy, — s (T2)

* We want to compute the values of all marginals...

Machine Learning, Summer ‘15
Machine Learning, Summer ‘15
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Sum-Product: Example Sum-Product: Example
Message definitions: Message definitions:
T T2 T3 e (@) = D0 o060 T tosr, (@) T T2 T3 e (@) = D0 o060 [T taisr, (@)
X. mene(fs)\x X. mene(f:)\x
tanr(@m) =[] e (@) tanr(@m) =[] e (@)
lene(zm)\fo fb lene(zm)\fo
May—pa @) = 1 Has—py(23) = 1
. oo (@) = > falwy,ms) . fyoay (m2) =Y fulws,w3)
= I = rs
E Hoyop (za) = 1 "E’ My g (02) = g (T2)h, s (2)
N N
‘?’_ ffo—z(T2) = Z fel@2,24) r?)_ Wiz (T1) = Z falwr, @2 )jta, g, (22)
.g T4 E’ T2
§ Hag— gy (T2) = g,y (T2)fbg, oy (¥2) § Hap— g (T2) = g, (T2) e —as (2)
] ]
e Hpmea(Ta) = D fl@s, 23 ey, (22) E
< zz S
2 2
44 45
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Sum-Product: Example

Message definitions:

Z z2 3 Hrma@) = 0 fx) [T s (@)
X, mene(fi)\x
tanr(@m) =[] e (@)

lene(zn)\fu

Has—py(23) = 1
. s (2) = 3 folwa,73)
= vs
g My g (02) = g (T2)h, s (2)
g Ty .
@ Pfa—a(T1) = Z fa("‘:l-‘rZ)n”m"L. (w2)
£ 2
Masn(22) = gy es (@2, s ()
-
E Hfoay (Ta) = Z felze, Ta) oy —y, (22)
S z2
]
=
46
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Sum-Product Algorithm - Extensions

* Dealing with observed nodes
> Until now we had assumed that all nodes were hidden...
» Observed nodes can easily be incorporated:
- Partition x into hidden variables h and observed variables v = v.
- Simply multiply the joint distribution p(x) by

HI(?)@‘»'&@') where I (v;, ;) = {(1)’ 1f1v7~, U
i , else.

= Any summation over variables in v collapses into a single term.

¢ Further generalizations
» So far, assumption that we are dealing with discrete variables.

» But the sum-product algorithm can also be generalized to simple
continuous variable distributions, e.g. linear-Gaussian variables.

Machine Learning, Summer ‘15
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Max-Sum Algorithm

¢ Objective: an efficient algorithm for finding
- Value x™* that maximises p(x);
- Value of p(x™a),
=> Application of dynamic programming in graphical models.

¢ In general, maximum marginals # joint maximum.
» Example:

argmaxp(z,y) =1 argmax p(x) =0
z x
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Sum-Product: Example
Message definitions:
T @3 T3 (@) = Y0 £0) T ta s (5m)
X, mene(fo)\x
Haps(@n) = T s, (@)

)

lene(zn)\fu

Verify that marginal is correct:
Pla2) = frp,—y (@2) 105y —ay (Z2) 17, —a (%2)

- [Zfa(.l!l,.(‘z)] {Z fh(fl'z.:(f-;)]

[Z fela, 1?4)]
= SUSTN falwnw) ol ws) folwn, )

r1 ¥3 T4

= 222w

T Ty oy

Ty

Machine Learning, Summer ‘15
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Topics of This Lecture

wn
"E' ¢ Max-Sum Algorithm for finding most probable value
3 » Key ideas
=l » Derivation
5 » Example
3
£
=
3
= 49
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Max-Sum Algorithm - Key Ideas

¢ Key idea 1: Distributive Law (again)
max(ab,ac) = amax(b,c)
max(a +b,a+c¢) = a+max(b,c)

= Exchange products/summations and max operations exploiting
the tree structure of the factor graph.

¢ Key idea 2: Max-Product — Max-Sum
» We are interested in the maximum value of the joint distribution
P(x™) = maxp(x)
= Maximize the product p(x).
» For numerical reasons, use the logarithm.
In (maxp(x)) = max Inp(x).
x x

= Maximize the sum (of log-probabilities).
B. Leibe
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Max-Sum Algorithm

¢ Maximizing over a chain (max-product)

o 25 TN-1 TN

¢ Exchange max and product operators

p(x™™) = max p(x) = max... max p(x)
x T ™

1
= — max---ma
E N

2@y, m2) PN v (EN—1,2N)]
1 ,

= —max [max [m o1, 2) [ comax iy v (TN |.:r1\,-)i| ”
Z = zy N

¢ Generalizes to tree-structured factor graph

max p(x) = max H m\gmx folzn, X))
* ™ feene(z,)

ide adapted from Chris Bishop B. Leibe
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Max-Sum Algorithm

¢ Termination (root node)
» Score of maximal configuration
prE = max Z Jof,—a(i)
sEne(z)
» Value of root node variable giving rise to that maximum
M —  argmax Z 5, ()
* sEne(r)
» Back-track to get the remaining variable values

o0 = ¢an™)

Machine Learning, Summer ‘15
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References and Further Reading
¢ A thorough introduction to Graphical Models in general
and Bayesian Networks in particular can be found in
Chapter 8 of Bishop’s book.
Christopher M. Bishop 5
Pattern Recognition and Machine Learning =
Springer, 2006
g
3
@
g
3
B. Leibe n

Machine Learning, Summer ‘15

0
b
=
8
=
=
5
7]
=
£
£
&
1
3
o
IS
£
S
8
=

RWTH//CHEN
Max-Sum Algorithm
¢ Initialization (leaf nodes)
fa—yplr) =0 fi—elx) =lIn fr)
¢ Recursion
» Messages
fpoo(x) = Jmnx In flo,zq,....200) + Z M — ()
A mene(f.)\z
pems@) = Y ppeale)
1ene(z)\ f

» For each node, keep a record of which values of the variables
gave rise to the maximum state:

¢lx) = argmax |Inf(z,2y....,200) + Z fg—f(Tm)

Hleee A mene( f.)\x
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Visualization of the Back-Tracking Procedure
e Example: Markov chain
10 0O 0O-
/ stored links
O ‘
k=3
n-2 n-—1 n n+1
variables
= Same idea as in Viterbi algorithm for HMMs...
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