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Probability Density Estimation III
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Announcements

ÅExam dates

ü According to rwth online, the exam dates are

ü 1st try Sat 02.03.2019 10:30 ï12:00h

ü 2nd try Thu 21.03.2019 13:30 ï15:30h

ü Exam registration will start in early Decemberé

2
B. Leibe
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Course Outline

ÅFundamentals

ü Bayes Decision Theory

ü Probability Density Estimation

ÅClassification Approaches

ü Linear Discriminants

ü Support Vector Machines

ü Ensemble Methods & Boosting

ü Randomized Trees, Forests & Ferns

ÅDeep Learning

ü Foundations

ü Convolutional Neural Networks

ü Recurrent Neural Networks

B. Leibe
3
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E (µ) = ¡ ln L (µ) = ¡
NX

n= 1

ln p(xn jµ)

Recap: Maximum Likelihood Approach

ÅComputation of the likelihood

ü Single data point:

ü Assumption: all data points                            are independent

ü Log-likelihood

ÅEstimation of the parameters µ (Learning)

ü Maximize the likelihood (=minimize the negative log-likelihood)

Ý Take the derivative and set it to zero.

4
B. Leibe

L (µ) = p(X jµ) =

NY

n = 1

p(xn jµ)

p(xn jµ)

Slide credit: Bernt Schiele

@

@µ
E (µ) = ¡

NX

n = 1

@
@µ

p(xn jµ)

p(xn jµ)

!
= 0

X = f x1; : : : ; xn g
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Recap: Histograms

ÅBasic idea:

ü Partition the data space into distinct 
bins with widths ¢ i and count the 

number of observations, ni, in each 

bin.

ü Often, the same width is used for all bins, ¢ i = ¢ .

ü This can be done, in principle, for any dimensionality Dé 

5
B. Leibe

N = 1 0

0 0.5 1
0

1

2

3

ébut the required

number of bins

grows exponen-
tially with D !

Image source: C.M. Bishop, 2006
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p(x) ¼ K

N V

Recap: Kernel Density Estimation

ÅApproximation formula:

ÅKernel methods

ü Place a kernel window k

at location x and count 

how many data points 

fall inside it.
6

B. Leibe

fixed V

determine K

fixed K

determine V

Kernel Methods K-Nearest Neighbor

Slide adapted from Bernt Schiele

ÅK-Nearest Neighbor

ü Increase the volume V

until the K nearest 

data points are found.
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Topics of This Lecture

ÅMixture distributions
ü Mixture of Gaussians (MoG)

ü Maximum Likelihood estimation attempt

ÅK-Means Clustering
ü Algorithm

ü Applications

ÅEM Algorithm
ü Credit assignment problem

ü MoG estimation

ü EM Algorithm

ü Interpretation of K-Means

ü Technical advice

ÅApplications

7
B. Leibe
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Mixture Distributions

ÅA single parametric distribution is often not sufficient 

ü E.g. for multimodal data

10
B. Leibe

Single Gaussian Mixture of two 

Gaussians

Image source: C.M. Bishop, 2006
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Mixture of Gaussians (MoG)

ÅSum of M individual Normal distributions

ü In the limit, every smooth distribution can be approximated this way 

(if M is large enough)

11
B. Leibe

p(xjµ) =

MX

j = 1

p(xjµj )p(j )

x

f (x)

Slide credit: Bernt Schiele
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Mixture of Gaussians

with                            and                    .

ÅNotes

ü The mixture density integrates to 1:

ü The mixture parameters are

12
B. Leibe

p(xjµ) =

MX

j = 1

p(xjµj )p(j )

p(xjµj ) = N (xj¹ j ; ¾2
j ) =

1p
2¼¾j

exp

(
¡ (x ¡ ¹ j )2

2¾2
j

)

p(j ) = ¼j

MX

j = 1

¼j = 10ϊ¼j ϊ1

Z
p(x)dx = 1

µ = (¼1; ¹ 1; ¾1; : : : ; ;¼M ; ¹ M ; ¾M )

Slide adapted from Bernt Schiele

Prior of

component j

Likelihood of measurement x

given mixture component j
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Mixture of Gaussians (MoG)

ÅñGenerative modelò

13
B. Leibe

x

x

j

p(x)

p(x)

1
2 3

p(j ) = ¼j

p(xjµj )

p(xjµ) =

MX

j = 1

p(xjµj )p(j )

ñWeightò of mixture

component

Mixture

component

Mixture density

Slide credit: Bernt Schiele



P
e
rc

e
p

tu
a
l 

a
n

d
 S

e
n

s
o

ry
 A

u
g

m
e

n
te

d
 C

o
m

p
u

ti
n

g
M

a
c
h

in
e

 L
e

a
rn

in
g

 W
i
n
t
e
r
 

1
8

Mixture of Multivariate Gaussians

14
B. Leibe Image source: C.M. Bishop, 2006
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Mixture of Multivariate Gaussians

ÅMultivariate Gaussians

ü Mixture weights / mixture coefficients:

with                         and

ü Parameters:

15
B. Leibe

p(x jµ) =

MX

j = 1

p(x jµj )p(j )

p(x jµj ) =
1

(2¼)D =2j§ j j1=2
exp

½
¡ 1

2
(x ¡ ¹ j )T § ¡ 1

j (x ¡ ¹ j )

¾

p(j ) = ¼j

MX

j = 1

¼j = 10ϊ¼j ϊ1

µ = (¼1; ¹ 1; § 1; : : : ; ¼M ; ¹ M ; § M )

Slide credit: Bernt Schiele Image source: C.M. Bishop, 2006
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Mixture of Multivariate Gaussians

ÅñGenerative modelò

16
B. Leibe

p(x jµ) =

3X

j = 1

¼j p(x jµj )
p(j ) = ¼j

j

1
2

3

p(x jµ1)
p(x jµ2)

p(x jµ3)

Slide credit: Bernt Schiele Image source: C.M. Bishop, 2006
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E = ¡ ln L (µ) = ¡
NX

n= 1

ln p(xn jµ)

Mixture of Gaussians ï1st Estimation Attempt

ÅMaximum Likelihood

ü Minimize 

ü Letôs first look at ¹ j :

ü We can already see that this will be difficult, since

17
B. Leibe

¹ j

E@E

@¹ j

= 0

ln p(X j¼; ¹ ; § ) =

NX

n = 1

ln

(
KX

k= 1

¼k N (xn j¹ k ; § k )

)

This will cause problems!

Slide adapted from Bernt Schiele
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Mixture of Gaussians ï1st Estimation Attempt

ÅMinimization:

ÅWe thus obtain

18
B. Leibe

) ¹ j =

P N

n= 1 ° j (xn )xnP N

n= 1 ° j (xn )

@E

@¹ j

= ¡
NX

n = 1

@
@¹

j

p(xn jµj )

P K

k= 1 p(xn jµk )

= ¡
NX

n = 1

Ã
§ ¡ 1(xn ¡ ¹ j )

p(xn jµj )
P K

k = 1 p(xn jµk )

!

= ¡ § ¡ 1

NX

n = 1

(xn ¡ ¹ j )
¼j N (xn j¹ j ; § j )

P K

k= 1 ¼k N (xn j¹ k ; § k )

!
= 0

@E

@¹ j

= ¡
NX

n = 1

@
@¹

j

p(xn jµj )

P K

k = 1 p(xn jµk )

= ¡
NX

n = 1

Ã
§ ¡ 1(xn ¡ ¹ j )

p(xn jµj )
P K

k= 1 p(xn jµk )

!

= ¡ § ¡ 1

P K

k = 1 p(xn jµk )

NX

n = 1

(xn ¡ ¹ j )p(xn jµj )
!
= 0

@E

@¹ j

= ¡
NX

n = 1

@
@¹

j

p(xn jµj )

P K

k = 1 p(xn jµk )

= ¡
NX

n = 1

Ã
§ ¡ 1(xn ¡ ¹ j )

p(xn jµj )
P K

k= 1 p(xn jµk )

!

= ¡ § ¡ 1

P K

k = 1 p(xn jµk )

NX

n = 1

(xn ¡ ¹ j )p(xn jµj )
!
= 0

@

@¹ j

N (xn j¹ k ; § k ) =

§ ¡ 1(xn ¡ ¹ j )N (xn j¹ k ; § k )

= ° j (xn )

ñresponsibilityò of
component j for x n
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Mixture of Gaussians ï1st Estimation Attempt

19
B. Leibe

ÅButé

ÅI.e. there is no direct analytical solution!

ü Complex gradient function (non-linear mutual dependencies)

ü Optimization of one Gaussian depends on all other Gaussians!

ü It is possible to apply iterative numerical optimization here, 

but in the following, we will see a simpler method.

¹ j =

P N

n= 1 ° j (xn )xnP N

n= 1 ° j (xn )

@E

@¹ j

= f (¼1; ¹ 1; § 1; : : : ; ¼M ; ¹ M ; § M )
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Mixture of Gaussians ïOther Strategy

ÅOther strategy:

ü Observed data:

ü Unobserved data:                  1  111            22    2       2

ïUnobserved = ñhidden variableò:   j|x

20
B. Leibe

h(j = 1jxn ) = 1  111            00    0       0

h(j = 2jxn ) = 0  000            11    1       1

Slide credit: Bernt Schiele
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Mixture of Gaussians ïOther Strategy

ÅAssuming we knew the values of the hidden variableé

21
B. Leibe

h(j = 1jxn ) = 1  111            00    0       0

h(j = 2jxn ) = 0  000            11    1       1

1 111          22    2       2          j

ML for Gaussian #1 ML for Gaussian #2

¹ 1 =

P N

n= 1 h(j = 1jxn )xnP N

i = 1 h(j = 1jxn )
¹ 2 =

P N

n= 1 h(j = 2jxn )xnP N

i = 1 h(j = 2jxn )

assumed known

Slide credit: Bernt Schiele
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Mixture of Gaussians ïOther Strategy

ÅAssuming we knew the mixture componentsé

ÅBayes decision rule: Decide j = 1 if

22
B. Leibe

p(j = 1jxn ) > p(j = 2jxn )

assumed known

1  111            22    2       2          j

p(j = 1jx) p(j = 2jx)

Slide credit: Bernt Schiele
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Clustering with Hard Assignments

ÅLetôs first look at clustering with ñhard assignmentsò

23
B. Leibe

       1  111           22     2       2 j

Slide credit: Bernt Schiele
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Topics of This Lecture

ÅMixture distributions
ü Mixture of Gaussians (MoG)

ü Maximum Likelihood estimation attempt

ÅK-Means Clustering
ü Algorithm

ü Applications

ÅEM Algorithm
ü Credit assignment problem

ü MoG estimation

ü EM Algorithm

ü Interpretation of K-Means

ü Technical advice

ÅApplications

24
B. Leibe
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K-Means Clustering

ÅIterative procedure

1. Initialization: pick K arbitrary

centroids (cluster means)

2. Assign each sample to the closest

centroid.

3. Adjust the centroids to be the

means of the samples assigned

to them.

4. Go to step 2 (until no change)

Å Algorithm is guaranteed to

converge after finite #iterations.

ü Local optimum

ü Final result depends on initialization.
25

B. LeibeSlide credit: Bernt Schiele
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K-Means ïExample with K=2

26
B. Leibe

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

Image source: C.M. Bishop, 2006
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K-Means Clustering

ÅK-Means optimizes the following

objective function:

ü where

ü I.e., ὶ is an indicator variable that checks whether Ⱨ is the 

nearest cluster center to point ὀ.

ü In practice, this procedure usually converges quickly to a local 

optimum. 
27

B. Leibe

1 2 3 4
0

500

1000

J =

NX

n= 1

KX

k= 1

rnk jjxn ¡ ¹ k jj2

rn k =

(
1 if k = argminj jjxn ¡ ¹ j jj2

0 otherwise:

J

Image source: C.M. Bishop, 2006
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Example Application: Image Compression

28
B. Leibe

ī2 0 2

ī2

0

2

ī2 0 2

ī2

0

2

Take each pixel

as one data point.

Set the pixel color

to the cluster mean.

K-Means

Clustering

Image source: C.M. Bishop, 2006
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Example Application: Image Compression

29
B. Leibe

Original imageK =10K = 3K = 2

Image source: C.M. Bishop, 2006
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Summary K-Means

ÅPros

ü Simple, fast to compute

ü Converges to local minimum 

of within-cluster squared error

ÅProblem cases

ü Setting k?

ü Sensitive to initial centers

ü Sensitive to outliers

ü Detects spherical clusters only

ÅExtensions

ü Speed-ups possible through 

efficient  search structures

ü General distance measures: k-medoids
30

B. LeibeSlide credit: Kristen Grauman


